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Abstract

Many reasoning tasks demand deducing latent laws from few demonstrations to solve unseen problems. It remains
unclear whether compact neural architectures, through appropriate inductive biases, can rival the reasoning
abilities that large models achieve through scale.

We introduce Interactive Endomorphic Reasoning Models (IERM), a compact neural architecture that
explicitly separates two computational roles: the induction of latent programs from demonstrations and their
execution during iterative reasoning.

IERM organizes computation into three interacting representation spaces: a support-induced program space
encoding transformation laws inferred from examples, a compact reasoning space serving as a working memory, and
a solution space responsible for constructing candidate outputs. These components interact through recursive cross-
attention updates, enabling progressive refinement of solutions while maintaining compact internal representations.
Despite using very small models, IERM achieves around 12% solved tasks on ARC-AGI-1 and over 63% on Sudoku
Extreme using only 2-4M parameters.

These results suggest that reasoning ability does not necessarily require massive model scale, but can emerge from

appropriate architectural inductive biases and recursive computation.

1 Introduction

Neural networks have achieved remarkable progress
in perception, language, and multimodal tasks. How-
ever, structured reasoning problems remain challenging.
Tasks that require discovering and applying transforma-
tion laws—such as abstract puzzles, combinatorial con-
straints, or dynamical systems—often expose the limits
of purely feedforward pattern-matching approaches.
Benchmarks such as the Abstraction and Reasoning
Corpus (ARC) [3], Sudoku, and maze planning are
specifically designed to evaluate generalization through
rule discovery from a small number of examples.
Recent work has explored architectures that incor-
porate iterative computation or recursive reasoning
loops to better capture such structure. In particular,
Hierarchical Reasoning Models (HRM) [12] and their
simplified variant Tiny Recursive Models (TRM) [8]
demonstrate that compact neural networks can perform
multi-step reasoning by recursively updating latent
states representing predictions and internal reasoning
context. In these architectures, the transformer rep-
resentation is split into two coupled latent states—a
prediction state y and a reasoning state z—that are
iteratively refined through a shared stack of layers.
Inspired by this paradigm, we hypothesize that sep-
arating program induction from neural execution pro-
vides a structural inductive bias for learning algorithmic

transformations from examples. We propose Interac-
tive Endomorphic Reasoning Models (IERM),
a neural architecture that factorizes computation into
three interacting latent spaces: a program space encod-
ing transformation laws inferred from demonstrations,
a reasoning space serving as compact grid-independent
working memory, and a solution space representing the
spatial structure of the candidate output. Rather than
reasoning within a single shared representation, IERM
separates law induction, abstract reasoning, and solu-
tion construction into specialized components coupled
through iterative cross-attention. At each iteration
the reasoning state aggregates information from the
query, the current hypothesis, and the inferred pro-
gram; the resulting representation then conditions the
refinement of the spatial solution state. Through re-
peated composition of this transformation, the model
progressively constructs solutions to tasks requiring
multiple intermediate reasoning steps.

By constraining reasoning to a small set of latent
tokens independent of grid size, IERM encourages ab-
straction of transformation rules rather than direct
spatial reasoning.

We evaluate IERM across several families of struc-
tured reasoning problems defined on two-dimensional
grids: combinatorial reasoning (Extreme Sudoku), ab-
stract rule induction (ARC), spatial planning (Hard
Maze navigation), and controlled synthetic environ-
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Figure 1: IERM architecture. The program induction module ¥ extracts a support-induced latent program
from demonstration pairs. The recursive execution module ® then iteratively refines the query solution using
latent reasoning tokens and the induced context. The model predicts both output logits and a confidence score.

ments (cellular automata, PDE heat diffusion). Despite
using extremely compact models (2-4M parameters),
IERM achieves competitive results, including around
12% accuracy on ARC-AGI-1 and over 63% on Sudoku
Extreme. These results suggest that recursive architec-
tures with explicit structural separation can address
diverse reasoning problems within a unified framework
while remaining highly parameter-efficient.

Contributions. The main contributions of this work

are:

¢ Interactive Endomorphic Reasoning Models
(IERMs), a neural architecture that separates
computation into program induction, latent rea-
soning, and spatial solution construction.

¢ An endomorphic reasoning formulation in
which a compact recursive architecture (2-4M pa-
rameters) iteratively applies a learned transforma-
tion on a joint reasoning—solution state.

e An empirical evaluation across diverse reasoning
domains including combinatorial puzzles, spatial
planning problems, abstract rule induction tasks,
and dynamical grid systems.

2 Related Work

2.1 [Iterative and Recurrent Computa-

tion

Several extensions of the transformer architecture have
explored forms of recurrence and iterative computation.
The Universal Transformer [4] introduces recurrent ap-
plication of the same transformation across depth, al-
lowing iterative refinement of representations. Deep
Equilibrium Models [2] interpret deep networks as fixed-
point iterations and provide a theoretical framework
for implicit recurrent computation. In the context of
large language models, prompting strategies such as
Chain-of-Thought [13], Tree of Thoughts [15], and Re-
Act [16] encourage explicit intermediate reasoning steps,



though these approaches express reasoning through gen-
erated text rather than within neural latent states. In
contrast, IERM performs iterative reasoning directly
within structured latent representations operating over
spatial inputs.

2.2 Program Induction and Algorithm
Learning

A long line of work has explored neural architectures
capable of learning algorithmic procedures. Early ex-
amples include Neural Turing Machines [7] and Mem-
ory Networks [14], which augment neural networks
with external memory structures. Neural Programmer—
Interpreters [11] and differentiable program synthesis
approaches [6] attempt to learn compositional program-
like structures directly from data. More recent hybrid
symbolic—neural systems such as DreamCoder [5] com-
bine program search with neural guidance and progres-
sively learn libraries of reusable program fragments.
Neural program synthesis has also been explored for
ARC-style tasks, where models attempt to infer ex-
plicit transformation programs consistent with example
pairs [1]. TERM shares the goal of learning reusable
transformation laws from examples, but represents
them as latent operators that interact with spatial rea-
soning states through iterative neural execution rather
than generating explicit symbolic programs.

Recent work has also explored learning operators
that map between structured states, particularly in the
context of physical simulation. Neural operator meth-
ods such as DeepONet and Fourier Neural Operators
[9, 10] learn mappings between functional representa-
tions of dynamical systems. While these approaches
focus on continuous physical processes, IERM can be
interpreted as learning a discrete reasoning operator
acting on latent states conditioned by demonstrations.

2.3 Recursive Reasoning Architectures
and ARC

The Abstraction and Reasoning Corpus (ARC) [3] eval-
uates the ability to infer transformation laws from a
small number of demonstrations and apply them to
unseen queries, emphasizing systematic generalization
over large-scale memorization.

The work most closely related to ours is the family of
compact recursive reasoning architectures proposed for
such tasks. Hierarchical Reasoning Models (HRM) [12]
introduce hierarchical recurrent modules that itera-
tively refine intermediate representations. Tiny Recur-
sive Models (TRM) [8] demonstrate that very small net-
works can solve structured reasoning problems through
repeated application of shared transformations. These
results highlight the importance of recursion as an in-
ductive bias for algorithmic reasoning.

IERM adopts the recursive refinement principle in-
troduced by these models but differs in its architec-
tural factorization: instead of maintaining reasoning
within a single latent state, IERM explicitly separates
program induction, reasoning dynamics, and solution

construction into three interacting spaces. This separa-
tion allows reasoning to occur in a compact latent state
while maintaining spatial structure only where required,
leading to small models that remain competitive with
larger recursive architectures.

IERM can also be interpreted as a neural analogue
of classical program induction frameworks, where trans-
formation rules are first inferred from examples and
subsequently executed by a learned interpreter.

3 Interactive Endomorphic Rea-
soning Models

3.1 Problem Setting and Architecture

We consider reasoning tasks defined over spatial grids,
where the goal is to infer a transformation from a small
set of examples and apply it to a new query instance.
Let S = {(s%,5Y)}Y:, denote a set of support pairs,
each consisting of an input grid and its corresponding
output. Given a query input ¢*, the objective is to
predict the output grid ¢¥.

IERM decomposes computation into three interact-
ing latent spaces:

« A program space P € R"»*Pv  encoding trans-
formation laws inferred from the support set
through a program induction module P = ¥y (S).
Each support pair is embedded using a spatial en-
coder E(-) and aggregated through cross-attention
to produce the program tokens. The program rep-
resentation is not supervised directly; it is shaped
implicitly through output consistency, acting as a
latent hypothesis explaining the observed transfor-
mation.

« A reasoning space z; € R"=*P¢ a fixed set of
latent tokens serving as grid-independent working
memory. At each reasoning step, the reasoning
state aggregates information from the current can-
didate solution, the query input, and the program
representation. Its independence from the spatial
resolution encourages abstract rather than spa-
tially explicit reasoning.

« A solution space y; € REXP¢ with L =H x W,
where each token corresponds to a spatial position
in the output grid. The solution state is initialized
from the embedded query input yo = E(¢*), pro-
viding an inductive bias toward copy-preserving
transformations commonly observed in ARC-style
tasks.

We also denote the embedded query input by x =
E(g*). Reasoning proceeds through iterative inter-
actions between these spaces, allowing the model to
progressively refine candidate solutions.

3.2 Endomorphic Reasoning Dynamics

The core computation of IERM is an iterative trans-
formation acting jointly on the reasoning and solution



Algorithm 1 IERM Inference. The released implemen-
tation uses =1 (direct update).

Require: Support pairs S = {(s¥,sY)}i=1..g, query
grid ¢
Ensure: Predicted output grid ¢
1: Encode supports: hs < E(s?,s?)
2: Encode query: x + E(¢%)

Program induction ()
Initialize memory M)
Initialize program tokens Fp
fort=1.T, do
Mt — XA(Mtfl, hg)
P+ XA(Py—1, M)
end for
ctx < Refine(Pr w)

© P NP Rw

Recursive execution ()
10: Initialize latent tokens zg
11: Initialize solution tokens yg < =
12: for t =1..T do

13: 2 fz(zt—h Yt—1, Ctl’)
14: yé — fy(ytflv Zt, Ctx)
15: Y < (1 = a)ys—1 + ay;
16: end for

17: § < OutputHead(yr)
18: return ¢

states. At each step the model applies:

(Y41, 2e41) = Loy, 2¢ | @, P),

where x is the embedded query input and P the latent
program. This transformation acts as an endomorphism
on the joint state space (y;,2z;) € REXPe x Rn=*Ds
mapping the state back to the same space while pro-
gressively refining intermediate hypotheses.

Reasoning consists in the repeated application of this
transformation:

(yr,2r) = £S5 (o, 20 | @, P).

3.3 Output Head

After the final reasoning step 7', the model produces
predictions for each grid cell from the final solution
representation yp € RLXPo .
In the base formulation, predictions are produced by
a linear classifier applied independently at each spatial
position:
p(c;) = softmax(W y(Tl))

For tasks where large portions of the input remain
unchanged, we additionally consider a copy—rewrite
variant that interpolates between copying the input
token and generating a new one:

p(C’L) = (]- - m’L) pcopy(ci) + My Prewrite (Ci)v

where m; is a learned gating coefficient. Both vari-
ants share the same reasoning backbone; their relative
impact is evaluated in the ablation studies.

3.4 Training

IERM is trained using a combination of task and aux-
iliary objectives. Reasoning is performed for a fixed
number of iterations T, typically between 2 and 6.

Task loss. The primary objective is the cross-entropy
between predicted and ground-truth output tokens:
Ltask = CE(qy, qy).

Support verification. To ensure consistency be-
tween induction and execution, the inferred program is
required to reconstruct the support outputs: Lg,.

Leave-one-support-out. To promote generaliza-
tion, one support example is temporarily removed and
predicted from the remaining supports: Lioso-

Total objective.
L= Etask + )\sv st + >\10so L"loso-

The execution module ® conditions only on the ab-
stract program representation P € R *Pv which acts
as a fixed-size information bottleneck enforcing strict
separation between program induction and execution.

4 Experiments

We evaluate IERM on structured reasoning tasks de-
signed to test rule induction, constraint propagation,
and iterative solution construction from few demonstra-
tions. Our evaluation addresses whether compact re-
cursive architectures can learn iterative reasoning from
examples alone (RQ1), whether separating program in-
duction from execution provides a useful inductive bias
(RQ2), and which architectural components contribute
most (RQ3, Section 5).

We consider three families of reasoning problems:
combinatorial constraint solving (Extreme Sudoku), ab-
stract rule induction (ARC-AGI), and spatial planning
(Hard Maze pathfinding). We additionally study the
architecture on controlled synthetic environments with
known transformation laws (Conway cellular dynamics,
PDE heat diffusion); these results are reported in Ap-
pendix A. Unless otherwise specified, experiments use
models with approximately 2M parameters (Sudoku,
Maze) or 4M parameters (ARC).

4.1 Extreme Sudoku

Sudoku is a combinatorial reasoning problem requir-
ing the satisfaction of global constraints across rows,
columns, and sub-grids. Solving difficult instances re-
quires propagating constraints iteratively across the
grid.

TERM achieves strong performance on the Extreme
Sudoku benchmark, with the MLP variant reaching
over 63% accuracy under test-time augmentation (Ta-
ble 1). Increasing recursive depth consistently improves
performance, supporting the hypothesis that iterative



Table 2: Test accuracy on Sudoku Extreme and ARC-
AGI-1. IERM uses ~ 2M parameters for Sudoku (y-

Table 1: Extreme Sudoku performance (2M-parameter
model). TTA denotes test-time augmentation with 16

attempts. pathway MLP token-mixer, fixed L=81) and ~4M for
ARC (y-pathway self-attention with 2D RoPE, variable
Variant Depth  TTA  Accuracy grid sizes). Both IERM variants use the copy/rewrite
IERM-Att (T=3) 18 - 48.1% output head (see Table 3 for the head ablation).
IERM-Att (T=4) 24 - 48.5%
IERM-Att (T=4) 24 16 54.8%
IERM-MLP (T=4) 24 16 63.2% Method # Params Sudoku ARC-AGI-1
Chain-of-thought, pretrained LLMs
. . i DeepSeek R1 671B 0.0 15.8
refinement plays a central role in solving constraint- Claude 3.7 (8K /16K) ? 0.0 98.6
based puzzles. 03-mini-high ? 0.0 34.5
Gemini 2.5 Pro ? - 37.0
4.2 ARC-AGI Grok-4-thinking 1.7T - 66.7
The Abstraction and Reasoning Corpus (ARC) eval- gf:ggi p :Z(éwtwn’ small-samgl;lvt[mmmg 0.0 91.0
uates the ability to infer transformation laws from a HRM P 97M 55' 0 40'3
small number of demonstrations and apply them to TRM-Att M 74:7 44:6
unseen tasks. TRM-MLP 5/19M 87.4 29.6
Evaluation is performed on the ARC-AGI-1 public o
. . o . . urs
e?lua(;ulorll s;:iht clcmtcfauﬁng 400 ta:ks.t A task 15 ctorél— IERM-Att (ARC) o AM B 12.0
sidered solved only if all query outputs are predicte TERM-MLP (Sudoku) oM 63.2 B

exactly.

The base model achieves 11.25% solved tasks on the
public evaluation split. With test-time augmentation
using the 8 D4 symmetries (rotations and reflections)
and per-cell majority voting, performance increases to
12.0%.

Although ARC remains challenging, these results
demonstrate that compact recursive architectures can
acquire non-trivial rule induction capabilities from very
few examples.

4.3 Maze Pathfinding

Maze pathfinding provides a stress test for iterative
reasoning: solving large mazes requires long-range prop-
agation of connectivity constraints. We evaluate on
synthetic 30x30 mazes (1K train, 1K evaluation) where
the model must predict a shortest path on a grid of
900 tokens. IERM achieves high per-token accuracy
(95.7%) and path recall (0.76), indicating that it cap-
tures meaningful spatial structure. However, strict
grid-level solving is not reached, suggesting the model
learns a probabilistic path likelihood rather than an
exact search procedure. When the predicted heatmap
is used as a cost function for a classical BFS solver
on 10x10 mazes, the solved rate reaches 49%, indicat-
ing that TERM captures useful spatial priors despite
struggling with global connectivity constraints.

4.4 Comparison with Reasoning Archi-
tectures

Table 2 compares IERM with (i) frontier LLMs with
chain-of-thought prompting, and (ii) prior compact
recursive architectures. Frontier LLMs score 0% on
Sudoku Extreme despite having up to 1.7T parame-
ters, suggesting that pure chain-of-thought prompting
is fundamentally unable to solve this class of combina-
torial constraint problems; on ARC-AGI-1 they reach
15.8-66.7% accuracy depending on model scale. Among

compact recursive architectures, IERM achieves 63.2%
on Sudoku with only ~2M parameters — 13x smaller
than HRM for a comparable absolute accuracy. On
ARC-AGI-1, IERM reaches 12.0% with ~4M parame-
ters, below HRM (40.3%, 27M) and TRM-Att (44.6%,
7M), indicating that further work is needed to close
this gap. These results support the hypothesis that
an explicit separation between program induction and
recursive execution provides a useful inductive bias at
compact scale, particularly for constraint-based reason-
ing tasks.

5 Ablation Studies

We analyze the contribution of the main architectural
components of IERM through controlled experiments.

5.1 Reasoning Depth (Sudoku)

The effect of recursive depth on Sudoku is reported in
Table 1. Increasing the number of refinement steps im-
proves accuracy, and test-time augmentation provides
further gains, with the MLP variant reaching 63.2%
under TTA.

5.2 Output Head Ablation (ARC)

On ARC, the choice of output head has a significant
impact (Table 3). The copy/rewrite head achieves
11.25% no-TTA and 12.0% with D4 TTA, compared
to 5.0% with a standard LM head, confirming that the
copy/rewrite mechanism provides a strong inductive
bias for tasks where most grid cells remain unchanged.



Table 3: ARC-AGI-1 output head ablation. Both vari-
ants use the same IERM backbone (~4M parameters,
y-attention with 2D RoPE); they differ only in the
final decoding head. The copy/rewrite head biases the
model toward preserving unchanged cells, consistent
with the prior that most ARC transformations leave
large regions of the input grid untouched.

stantially fewer parameters. These results suggest that
explicitly separating law induction from iterative execu-
tion may provide a useful inductive bias for reasoning
in compact neural architectures.

Despite these promising results, performance on ARC
remains far from human-level reasoning. ARC tasks
often require discovering highly abstract transforma-
tions from very few examples, highlighting the difficulty

Output head Solved(nTTA)

Solved(D4TTA) of learning systematic reasoning from limited super-

LM head (standard) 5.0 -
Copy /rewrite (ours) 11.25 12.0

vision. Future work may explore improved program
induction mechanisms, longer reasoning horizons, or

5.3 Test-Time Augmentation (ARC)

We evaluate test-time augmentation based on the Dy
symmetry group (rotations and reflections) with per-
cell majority voting across the 8 transformations. TTA
improves the solved rate from 11.25% to 12.0% (Ta-
ble 3), suggesting that IERM’s representations retain
some residual orientation dependence despite training-
time augmentation.

6 Discussion

The experiments suggest that effective reasoning in
neural networks does not necessarily require scaling
model size, but can instead benefit from architectural
structure that separates distinct computational roles.

IERM introduces an explicit factorization between
program induction, latent reasoning, and spatial so-
lution construction. This separation creates a struc-
tured information flow in which transformation laws
are first inferred from support examples, then executed
iteratively through a compact reasoning state before
influencing the spatial solution representation.

One consequence of this design is that the reason-
ing space acts as a grid-independent working memory.
Because this space does not scale with the resolution
of the spatial input, the model is encouraged to repre-
sent transformations in an abstract form rather than
memorizing grid-specific patterns. The spatial solution
state, in contrast, preserves the geometric structure of
the task and allows predictions to remain aligned with
the input grid.

This separation introduces an implicit information
bottleneck between reasoning and spatial representa-
tion. The model must compress transformation laws
into a small latent reasoning state before applying them
to the spatial solution. Empirically, this constraint ap-
pears to encourage the emergence of algorithm-like
reasoning behaviour.

The results also highlight the potential of compact
recursive architectures for structured reasoning tasks.
While architectures such as HRM [12] and TRM [8]
demonstrate that small recursive networks can solve
certain ARC-style tasks, IERM shows that additional
structural separation between induction and execution
can further improve parameter efficiency.

For example, IERM achieves performance on Ex-
treme Sudoku comparable to HRM while using sub-

hybrid symbolic-neural extensions of the architecture.

An important observation is that non-trivial reason-
ing behaviors emerge even in extremely small models
(2-4M parameters). This suggests that architectural
structure may play a more important role than raw
scale for certain classes of reasoning tasks.

An alternative interpretation of the IERM reasoning
dynamics is through the lens of operator learning. Re-
cent work on neural operators has shown that neural
networks can learn mappings between function spaces
that approximate underlying dynamical systems.

In TERM, the recursive execution module ¢y can
be viewed as a learned operator acting on the joint
reasoning—solution state. The latent program represen-
tation P conditions this operator, effectively selecting
a transformation law inferred from support examples.

From this perspective, reasoning corresponds to re-
peatedly applying a learned operator that maps inter-
mediate states to refined hypotheses.

7 Conclusion

We introduced Interactive Endomorphic Reasoning
Models (IERMs), a neural architecture that sepa-
rates computation into three interacting latent spaces:
program induction, reasoning, and spatial solution
construction. Across multiple structured reasoning
domains—including Sudoku, ARC-style abstract rea-
soning, maze planning, and cellular automata—IERM
demonstrates that compact recursive architectures with
2—4M parameters can learn non-trivial transformation
laws while remaining highly parameter-efficient.

These results suggest that explicitly structuring la-
tent computation into specialized interacting spaces
may provide a useful direction for improving neural
reasoning systems. Future work may explore scaling to
larger models, adaptive reasoning depth, and extensions
to additional modalities.

IERM demonstrates that structured reasoning be-
haviors can emerge in neural networks with only a
few million parameters, highlighting the importance of
architectural inductive biases for reasoning tasks.

Reproducibility. Code, pretrained checkpoints, and
reproduction scripts for the main experiments are pub-
licly available in the project repository.
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A Synthetic Environments

To further analyze the reasoning behavior of the archi-
tecture, we evaluate IERM on two synthetic environ-
ments where the underlying transformation laws are
known. These experiments isolate the program induc-
tion and recursive execution mechanisms in a controlled
setting.

A.1 Maze Pathfinding

TIERM achieves high per-token accuracy (93.1%) and
path recall (0.73) on synthetic 30 x 30 mazes, but
does not reach strict grid-level solving without post-
processing: using the model’s heatmap as a cost func-
tion for a classical BFS solver on 10 x 10 mazes reaches
49% solved. This suggests IERM captures useful spa-
tial priors but does not learn exact search procedures
end-to-end.

A.2 Conway Multi-Rule Cellular Dy-
namics

We evaluate the ability of IERM to infer cellular au-
tomaton update rules from demonstrations derived from
Conway-style cellular dynamics. Given a small num-
ber of support transitions, the model induces a latent
program representation that is recursively applied to
predict future states.

The model achieves over 80% per-cell prediction
accuracy on evaluation datasets containing rules not
seen during training, and remains stable for rollouts of
up to 60 time steps.

A.3 PDE Heat Diffusion

We further evaluate IERM on synthetic diffusion dy-
namics governed by the discrete heat equation:

Ut41 = Ug + kAut

Given a small set of support transitions, the model
infers the underlying diffusion operator and recursively
applies it to predict future states.

IERM successfully models diffusion dynamics and
maintains stable predictions across autoregressive simu-
lations of up to 60 time steps with prediction accuracy
exceeding 80%.

B Implementation Details

B.1 Architecture

TERM models share the same overall structure across
tasks but use task-specific hidden dimensions:

o ARC-AGI-1: Dy = 256, Dy = 96, nheads = 8,
Nimner = 4, N, = 12 reasoning tokens, n,, = 96
memory tokens, n, = 32 program tokens, Ty, = 2,
T = 1-4 (curriculum-dependent), self-attention
on the y-pathway with 2D RoPE. Total: ~ 4.6M
parameters.

e Sudoku Extreme: Dy = 192, D, = 120,
Nheads = 0, Ninner = 6, N, = 8 reasoning tokens,
Ny, = 64 memory tokens, n, = 32 program to-
kens, Ty, = 2, T' = 4-6, MLP token-mixer on the
y-pathway (the fixed cell count L = 81 makes a
direct cell-to-cell MLP more effective than learned
attention patterns). Total: = 2.4M parameters.

o Appendix benchmarks (Maze, Conway, PDE)
reuse the ARC architecture with task-specific data
pipelines.

The program induction module Wy processes support
examples through an interactive Memory—Program co-
refinement loop and produces a compact program rep-
resentation P € R™*Pv  The execution module ®gy
updates reasoning and solution states through cross-
attention between program, reasoning, and spatial to-
kens.

B.2

Models are trained using AdamW (5, = 0.9, 82 =
0.98) with weight decay 0.05, gradient clipping at norm
0.5, and label smoothing 0.02-0.03. Mixed-precision
training uses bfl16. An exponential moving average
with decay 0.999 is maintained over the parameters; all
reported metrics are computed from the EMA weights.
The learning rate follows a linear warmup (500-800
steps) followed by a single cosine decay cycle down to
5% of the peak value.

Training uses batch size 64 (Sudoku) or 8 (ARC,
due to the larger 30 x 30 grids) and a step-based (Su-
doku) or epoch-based (ARC) curriculum that ramps
the recursion depth T progressively. See the accom-
panying code (run.py, run_sudoku.py) for the exact
curriculum schedules.

Training

B.3 Compute resources

All experiments were run on a single GPU node with
32 GB of VRAM. A single from-scratch training run
takes:

e ARC-AGI-1: ~ 1000 epochs over the augmented
training set, cumulative over successive fine-tune
iterations; ~ 2-3 days of wall-clock time.

e Sudoku Extreme: ~ 300k gradient steps across
multiple fine-tune iterations; ~ 2-3 days of wall-
clock time.

The released checkpoints that reproduce the headline
numbers (12.0% solved on ARC-AGI-1 with TTA, 63%
solved on Sudoku Extreme with TTA) were obtained
through several successive 100k-step fine-tunes rather
than a single monolithic run; the supplementary ma-
terial provides the pretrained checkpoints for direct
evaluation, as well as a simplified single-run training
script that reproduces a reasonable fraction of the head-
line performance (see the repository README for the
expected single-run numbers).
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Figure 2: Qualitative inference examples illustrating different aspects of IERM behaviour. Top: maze planning.
The model typically reconstructs the correct global path, and remaining errors are mostly small local false positives
rather than a failure of global reasoning. Bottom left: Conway cellular dynamics. The model is trained on one
set of transition rules and evaluated on previously unseen rules; in this example it infers the correct rule from
support transitions and maintains exact autoregressive rollout over a long horizon. Bottom right: PDE heat
diffusion. The model captures the large-scale evolution of the field under autoregressive simulation, although
small local errors can accumulate over time. The Conway and PDE panels are obtained with the simplified
controlled-environment variant used for operator-learning experiments.

B.4 Datasets

e ARC-AGI-1: the official public training and eval-
uation splits (400 tasks each, 419 total evaluation
queries after support/query splitting). Grids are
padded to 30 x 30 with dedicated EOS and PAD
tokens.

¢ Sudoku Extreme: the
sapientinc/sudoku-extreme benchmark (3.8M
training puzzles, 422k evaluation puzzles). Grids
are 9 x 9.

e Maze: procedurally generated grids (1000 train,
1000 eval), padded to 30 x 30.

o Conway / PDE: procedurally generated; see the
respective appendix sections for details.

B.5 Inference and Test-Time Augmen-
tation

For ARC experiments we evaluate two test-time aug-
mentation strategies. The primary one uses the eight
geometric transformations from the D4 symmetry group
(identity, three rotations, four reflections); predictions
are de-transformed to the original orientation and ag-
gregated through per-cell majority voting. For Sudoku,
TTA uses random permutations of digits 1-9 (with 0 =
empty preserved), with the output logits de-permuted
before averaging. Both strategies assume task-level
equivariance, which IERM is trained to exploit through
matching augmentations at training time.
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